
1108 AIAA JOURNAL VOL. 10, NO. 8

NO. OF ITERATION CYCLES,]

Fig. 2 Examples of slow and fast convergence.

slightly preferable since the other norms yield more of an average
bound instead of an absolute bound for all displacement
components.

Integrated Norm Criterion
The e-vector as defined in Eq. (1) does in fact represent the

change in displacements during one iteration cycle and it is not an
expression of the distance between the present iterate and the
true root. As shown in Fig. 2, two cases with the same ||e||
(represented by the slope of the curves) may have different total
error Ea and Eb. However, an expression for the total error may
be obtained taking the integral

||8||dn (6)

where n is the iteration cycle.
Since it was demonstrated that the convergence is linear in a

semilogarithmic plot, ||e|| can be approximated by
||e|| ~ ^-P" or i0g ||e|| ~ a_/to (7)

The coefficients a and /? can be obtained by using two of the
known values of the curve or by determining a "best fit" through
previous values. Substituting Eq. (7) into Eq. (6) and carrying
out this extrapolated integration yields

EU)£f-fJ (8)

The use of such an integrated maximum norm for one case of
fast convergence and one case of slow convergence is demonstrated
in Fig. 3. Thus, at cycle j, E(j) represents the sum of He^ at
all subsequent cycles. Note that in case of slow convergence
E(j} is larger than He^ whereas the opposite is true for fast
convergence. The integrated norm therefore gives a more true
picture of the total error. It may result in a overestimation of
the true error when the convergence is oscillatory. However, the
convergence stabilizes to a monotonic scheme in almost all cases.

In problems of structural stability, the load-deflection curve
rapidly changes character at various levels of loading. As a rule,
the convergence is slow in regions of low tangential stiffness. In
such regions it usually is not necessary to carry out the iteration
to a complete convergence, the difference between the true and the
computed load-deflection curve will be small anyway. Unless an
absolute error bound is required, the convergence criteria based
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Fig. 3 Integrated error norm.

on Eqs. (2, 3 or 4) and Eq. (5) will in such cases work very
well for practical purposes.

Conclusion
A discussion of several convergence criteria for the iterative

solution of nonlinear structural problems has been given. In many
cases, it is most efficient and accurate to base the convergence
criterion merely on displacement quantities. Three alternative
norms to be used in such a criterion have been suggested; all
of them turn out to be highly useful for practical applications.
A convergence criterion based on an extrapolated integration of
these norms has also been proposed. This criterion should be
used when an absolute bound on the error is desired.
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Heat Transfer at Reattachment of a
Compressible Flow over a Backward

Facing Step with a Suction Slot
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BASE-FLOW problems have been extensively studied in the
last two decades by both analytical and experimental techni-

ques. Yet the difficulty of such problems has forced the investi-
gators to treat separately the regions of separation, reattachment,
recirculating flow, free shear layer and outer flow, and match
the individual solutions along the relevant interfaces. The ana-
lysis becomes even more complex if d/h ~ 1 because then the
whole recirculating flow is well within the region of influence of
viscosity and hence the inviscid core is eliminated. In this case
the regions of separation and reattachment overlap and the
expansion of the compressible flow is immediately followed by
recompression. This is based on experimental evidence1 that
indicate a sudden drop of pressure at the corner followed imme-
diately by an increase without any region of isobaric flow, which
is commonly observed for d/h ~ 0.1 or smaller. The present Note
suggests a simplified model for engineering estimates of the heat
transfer in the neighborhood of reattachment for the case of super-
sonic flow over a backward facing step with a suction slot.

It is assumed that the flow properties in the vicinity of reattach-
ment are similar to the properties of stagnation flow. It is also
assumed that for d/h ~ 1 the heat exchanged along the stagna-
tion streamline (SSL) is negligible and therefore the heat transfer
at reattachment should be approximately equal to the heat
transfer at the point of stagnation of a freestream, with properties
those at the stagnation streamline before the expansion (see
Fig. 1) which according to Ref. 3 and in the same notation is
written as

= (Tos ~ Tw)(-SfJSw)(k/x)(Rex) ^2

(1)
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Notice that an integral of the quantity pu up to the coordinate
ys defines the amount of mass transferred Hence the quantity
Tos = T0(y^ appearing in Eq. (1) is an implicit function of the
suction rate m defined as

m = pudy ^ Tt> <t>dy
T01)0 A-CV

7-1 (t>dy
(2)

where y = y/d, <j> = u/ul9 A = TJTol and Cr the Crocco number.
Assuming that the appropriate conditions hold, the Crocco
integral of the energy equation yields A(y) = T0/T01 — (1 — Aw)y
+ A,,, where Aw = TW/T01. With this profile for A, a uniform wall
temperature and m = 1 which corresponds to stagnation by 90°,
qR can be nondimensionalized with the heat transfer at the corner
of the step

Sw'\C'2

qs 71 - T (3)

The crucial point of the present analysis is to define correctly
the parameter C which represents the acceleration of the u
velocity along the x axis in the absence of the nonslip condition.
In the ideal case of freestream stagnation this parameter is esti-
mated as the inner limit of the outer inviscid solution. Yet in the
present case the whole region is influenced by viscosity and there
is no outer inviscid flow in the aforementioned sense. The proper
outer flow should therefore be the viscous flow with the same
configuration of streamlines and a symmetry condition imposed
on the x axis instead of the nonslip condition. For freestream
stagnation, the parameter C can be proved to be proportional
to a typical velocity over a typical length, as for example for
stagnation on a cylinder, where C is equal to twice the freestream
velocity devided by the radius of the cylinder. In the present case
we assume that C is proportional to the velocity of the oncoming
stream at the SSL divided by the ordinate of the stagnation
streamline before the expansion C = uD(ys)/cys. In this way C
will depend on the streamline configuration which is a function
of the amount of suction. For simplicity a Stokes flow solution
was adopted, as suggested by Weiss4 for the wake-problem of a
blunt ended body with base 2h. This solution does not give a
constant velocity gradient at the point of interest but this quantity
quickly attains a more or less constant value for practically half
the distance to the base wall. For 6/h ~ 1, the recirculating region
is fully within the influence of viscosity and hence it seems
appropriate to use for the acceleration parameter the preceding
constant value of the velocity gradient (for details see Ref. 2)

C = du(xR, Q)/dx = uD(ys)(az - b)/YR (4)
where XR and UD are defined in Fig. 1 and the quantities a, b, R, z,
and F are defined in Ref. 4. Therefore C = T/4(az - b) tan \j/
where i// the expansion angle and with the assumption of /z/A*i
= (T/TJ*, Eq. (3) becomes
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Fig. 2 Heat transfer at reattachment Comparison of theory with
experiment for no mass transfer.

rj-i rr-i -t«R Tos - Tw 1
T, - Twqs

where Redl = uld/vl9 pjp, = pwTJp,Tw and TJTS = (A/AJ
-(TJTS). In these expressions the ratio pjps was assumed to
correspond to 50% recovery of the base pressure at the point of
reattachment while the base pressure was estimated according
to the correlation of Su and Wu.5 The ratio TS/TW was calculated
through the energy equation

l)yJS
7-1

2 2AW{1 - [(V -
(6)

For the flow expansions encountered in practice and along
streamlines close to the edge of the boundary layer, the velocity
experiences very small changes. As a result it appears that for
high-mass transfer rates, Tos - Tw is a reasonable choice for the
numerator of Eq. (1). It is known that viscous entrainment though
accelerates the flow along streamlines close to the wall. In fact
for ys = h the flow is accelerated along the DSL from zero to
0D(/i)t which for the conditions assumed in Ref. 4 and with a
constant A included to allow for adjustments by comparison to
experiments, reads <j)D(h) = [1 + AKS/ti]~1. It was then assumed
that the above correction to the velocity profile is linear with y
and vanishes at ys = h + 6 and the corresponding increments of
the kinetic energy were superimposed on the values of Tos. In
this way it was possible to estimate qR/qs for no mass transfer,
using the values of — S'W/SW suggested in Ref. 3 and a Blasius
velocity profile. Comparison of the present results with available
experimental data for no mass transfer is depicted in Fig. 2.
The present method correctly predicts a sharp decrease of the
heat-transfer ratio with increasing d/h for S/h < 0.5 and a mild
increase for d/h > 1, as reported in Ref. 1. In Fig. 3f the heat
transfer in the neighborhood of stagnation is plotted against the
mass transfer rate m and parametrized with the wall temperature

Fig. 1 Schematic of the flowfield.
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Fig. 3 Heat transfer at reattachment vs the mass transfer rate.
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parameter Aw. It is noted here that for the time being there
are no available experimental data with which to compare for
the case of suction and d/h values larger than \. When such data
becomes available it will be possible to adjust some of the
characteristic parameters of the problem if needed.

The present method suggests a closed form approximate
solution for a rather complex problem, which was demonstrated
to give satisfactory agreement with experiments for the case of
no mass transfer, and is expected to predict the effect of mass
transfer in the case of suction. This method further indicates the
parameters that govern the problem namely, the wall temperature
ratio Aw, the ratio d/h, the Mach number Ml9 the Reynolds
number Redl and the mass transfer rate m. Note that the para-
meter Redl is proportional to L/h - h/d, where L the distance from
the leading edge to separation and therefore L/h could replace
Re8l. It appears that Redl should be the appropriate parameter
for design purposes where the local conditions and the boundary-
layer thickness are known while L/h should be used to compare
with experimental data since in the latter case L/h is usually
kept constant.
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Particle Charging behind Shock Waves
in Suspensions
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Nomenclature
J = particle flux
L = velocity equilibration length
r = radius
R = rate of collision
U = particle velocity
v = gas velocity
X = distance behind shock
Subscripts
d = downstream
i = particle class index
m = maximum
u — upstream
ju = viscosity
p = density

DURING an experimental investigation of shock structure
in gases containing dust suspensions, substantial electrical

signals associated with the shock wave were observed. A series
of qualitative experiments was conducted to determine the
mechanism producing these signals.

These experiments were conducted in an ordinary pressure
driven shock tube made of aluminum tubing 5.7 cm in diameter
and operated in a vertical position. A measured mass of glass
particles supplied by Heat Systems-Ultrasonics and having a
nominal size distribution of 5ju diameter was introduced into
the test section while a gentle gas flow from below was maintained
to keep the suspension uniform. Maximum densities obtained
in this manner were approximately 107 particles/cm3, calculated
by assuming an even distribution of particles in the test section.
The tube was instrumented with a piezoelectric pressure trans-
ducer and an electrical probe at an observation station located
71 cm from the diaphragm. The probe consisted of a short length
of bare wire aligned in the flow by a grounded shield. The voltage
from probe to ground and the pressure trace were recorded
simultaneously on a dual channel oscilliscope.

In the first experiment, a relatively weak shock (M — 1.15) was
propagated in the test section. The oscilliscope traces presented
in Fig. la demonstrate the development of a voltage signal
behind the shock wave as it passes through the suspension. Two
different loadings are shown. Similar signals were observed for
other particulate matter such as ammonium chloride and tin
oxide. In a second experiment, a rarefaction wave was propagated
in the test section through the suspension by evacuating the
chamber on the other side of the diaphragm until rupture
occurred. Figure Ib shows the pressure and voltage traces during
the passage of a rarefaction wave. No signals were observed when
particles were not present in the test section during the passage
of a wave.

We considered several possible causes for these signals. While
the particles were not intentionally given an initial charge, all
dusts do have some residual charge but this is generally quite
small. Particle collisions with the probe are ruled out since
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a) SHOCK WAVE
(T= IMS/CM)

b) RAREFACTION WAVE
(T= IMS/CM)

Fig. 1 Comparison of electrical signals for a) shock wave and b) rare-
faction wave. Velocities behind waves are approximately 80 m/sec and
276 m/sec, respectively. Particle loading effects decrease actual velocities
and degrade pressure traces as shown. (Solid lines indicate particle

loading 10 cm\ dotted tine indicates 5 x 10" cm3.)


